Abstract: Exact analytic solutions for the motion of second grade uid between two in nite coaxial cylinders are established. The motion is produced by the inner cylinder that at time t = + applies torsional and longitudinal oscillating shear stresses to the uid. The exact analytic solutions, obtained with the help of Laplace and nite Hankel transforms, and presented as a sum of the steady-state and transient solutions, satisfy both the governing equations and all associate initial and boundary conditions. In the special case when α → they reduce to those for a Newtonian uid. Finally, the e ect of various parameters of interest on transient parts of velocity components, velocity pro les as well as comparison between second grade and Newtonian uids is discussed through graphical illustration.
Introduction
The study of time-dependent ows of uids caused by an oscillating cylinder or between two oscillating cylinders is one of the most important and interesting problem of motion near oscillating bodies. The motion of a uid in cylindrical domains has applications in the food industry, oil exploitations, chemistry and bio-engineering, etc. As early as 1886, Stokes [1] established an exact solution for the rotational oscillations of an in nite rod immersed in a classical linearly viscous uid. Later, Rajagopal [2] found two simple but elegant solutions for the ow of a second grade uid induced by torsional and longitudinal oscillations of an in nite rod. Other interesting results for the same uids have been recently obtained by Fetecau and Fetecau [3] , Hayat et al. [4] . The second grade uid is the common non-Newtonian visco-elastic uid in industrial elds. During the time a lot of unsteady ows of such uids have been studied by di erent authors. However, the most part of these studies deals with motion problems in which the velocity is given on the boundary. To the best of our knowledge, the rst exact solutions for motions of second grade uids due to an in nite cylinder that applies constant shear stresses to the uid are those of Bandelli and Rajagopal [5] . These solutions have been recently extended to time-dependent shear stresses on the boundary by Jamil et al. [6, 7] . However, starting solutions for motions of second grade uids between coaxial cylinders due to oscillating shear stresses to the uid seem to be absent in the literature.
The purpose of this note is to provide exact solutions for the unsteady motion of a second grade uid between two coaxial circular cylinders, one of them applying oscillating rotational and longitudinal shear stresses to the uid. This is important as in some problems the force applied on the boundary is speci ed. The solutions that have been obtained are presented as sum of steady-state and transient solutions and describe the motion of the uid some time after its initiation. After that time, when the transient disappears the starting solutions reduce to the steady state solutions which are periodic in time and independent of the initial conditions. However they satisfy the governing equations and boundary conditions. Finally, the in uence of relevant parameters on the uid motion, the decay of transients in time and the required time to reach the steady-state are graphically determined.
Basic governing equations
The Cauchy stress T in an incompressible homogeneous uid of second grade is related to the uid motion in the following manner [3] [4] [5] 
where −pI is the indeterminate part of the stress due to the constraint of incompressibility, S is the extra-stress tensor, µ is the dynamic viscosity, α and α are the normal stress moduli, A and A are the kinematic tensors de ned through
In the above equations, V is the velocity eld, grad the gradient operator, and d/dt denotes the material time derivative. Since the uid is incompressible, it can undergo only isochoric motions and hence
and the equation of motion is
where ρ is the constant density of the uid and b is the body force. If the model (1) is required to be compatible with thermodynamics in the sense that all motions satisfy the Clausius-Duhem inequality and the assumption that the speci c Helmholtz free energy is a minimum in equilibrium, then the material moduli must meet the following restrictions [8] µ ≥ , α ≥ and α + α = .
The sign of the material moduli α and α has been the subject of much controversy. A comprehensive discussion on the restrictions given in (5) as well as a critical review on the uids of di erential type can be found in the extensive work by Dunn and Rajagopal [9] . For the problem under consideration we shall assume a velocity eld and an extra-stress of the form
where e θ and ez are unit vectors in the θ and z-directions of the cylindrical coordinate system r, θ and z. For such ows the constraint of incompressibility is automatically satis ed. If the uid is at rest up to the moment t = , then
and Eq. ( ) implies the meaningful equations [1] 
where τ = S rθ and τ = Srz are the shear stresses that are di erent of zero.
The balance of the linear momentum, in the absence of a pressure gradient in the axial direction and neglecting body forces, leads to the relevant equations (∂ θ p = due to the rotational symmetry)
Eliminating τ and τ between Eqs. (8) and (9) we attain the governing equations
where ν = µ/ρ is the kinematic viscosity and α = α /ρ is the material parameter of the uid. The system of partial di erential equations (10) 
Motion between coaxial cylinders due to oscillating shear stresses
Suppose that an incompressible second grade uid at rest is situated in the annular region between two in nite coaxial circular cylinders of radii R and R (> R ). At time t = + the inner cylinder begins to rotate around its axis due to an oscillating torque per unit length πR τ (R , t) and to slide along the same axis due to an oscillating shear τ (R , t), where
where f and g are constants and ω and ω are the frequencies of the oscillating shear stresses. Due to the shear, the uid is gradually moved its velocity being of the form ( ) . The governing equations are given by Eqs. (8), (10) and (11), while the corresponding initial and boundary conditions are
respectively,
and
By making α → into Eqs. (15) and (16), we obtain the boundary conditions
corresponding to the motion of a Newtonian uid due to oscillating shear stresses on the boundary. In the second case, Eqs. (15) 
In order to solve this problem we shall use the Laplace and nite Hankel transforms.
Case-I: Solutions for sine oscillations of the shear . Computation of the velocity eld
Applying the Laplace transform to Eq. (10) and (11) and having in mind the initial and boundary conditions (14)- (16), we nd that
where the image function w(r, q) = L{w(r, t)} and v(r, q) = L{v(r, t)} has to satisfy the conditions
,
In the following we denote by [6, 7, 10] 
where 
we can prove that
Multiplying Eqs. (22) and (23) by rBw(rrm) and rBv(rrn), respectively, integrating the results with respect to r from R to R and using the boundary conditions (24) and (25) and the identities (28) and (29), we nd that
Now, for a more suitable presentation of the nal results, we rewrite Eq. (30) and (31) in the following equivalent form
.
The inverse Hankel transform formula corresponding to (26) and (27) are given by [6, 7, 10] 
Applying the above inverse Hankel transform formulae to Eq. (32) and (33) and taking into account the following known results [6, 7] 
we obtain for w(r, q) and v(r, q) the expressions
. (38) In order to obtain the velocity eld w(r, t) = L − {w(r, q)} and v(r, t) = L − {v(r, q)}, we apply the inverse Laplace transform to Eq. (37) and (38). As a result, we nd for the velocity eld, the following expression
where
are the steady-state components of the velocity eld and
are the transient parts. The steady-state parts of velocity eld w SS (r, t) and v SS (r, t) given by (40) and (41) are periodic in time and independent of the initial conditions. However, they satisfy the governing equations and boundary conditions. The transient components of velocity eld w ST (r, t) and v ST (r, t) tend to zero for t → ∞.
. Computation of the shear stresses
Applying the Laplace transform to Eqs. (8), we nd that
have been obtained from Eq. (37) and (38). Furthermore, in the above relation 
Bv(r, rn) = J (rrn)Y (R rn) − J (R rn)Y (rrn
are the steady-state components of shear stresses. Their transient parts are 
Case-II: Solutions for cosine oscillations of the shear
Proceeding in a similar manner as before, we nd the corresponding starting solutions under the form
corresponding to cosine oscillation of the shear. In the above relations
are their transient parts. The associated shear stresses are
are the steady-state components and
are their transients parts. Looking to Eqs. (39), (49), (54) and (59), we can easily see that the steady-state components corresponding to the sine and cosine oscillations of the shear di er by a shift phase. This is not true for the transient components. This is the reason that we also present here the starting solutions for the cosine oscillations of the shear. It is worth to point out that, making ω = ω = in Eqs. (54) Generally, the starting solutions are important for those who want to eliminate the transient parts from their rheological measurements. Consequently, an important problem regarding the technical relevance of these solutions is to nd the approximate time after which the uid is moving according to the steady-state solutions. More exactly, in practice it is necessary to know the required time to reach the steady-state.
Of course, the required time to reach the steady-state or decay of transient solutions also depends on the material constants α, ν and the frequencies ω and ω . In order to show this, the decay of the transients in time, is depicted in Figs. 1, 2 and 3 for the velocity components w(r, t) and v(r, t) for sine and cosine oscillations. From Figs. 1 , it is clearly seen that the required time to reach the steady-state increases if α increase for both type of oscillation. Consequently, the required time to reach the steady-state for the motion of a Newtonian uid is lower in comparison with second grade uids. On the other hand, from Figs. 2 and 3 it results that the required time to reach the steady-state or decay of transient solutions decreases with regard to ν and ω or ω . It is also obvious from Figs. 1-3 that the required time to reach the steady-state for the sine oscillations of the shear is smaller in comparison with the cosine oscillations of the shear. 
Numerical results and discussion
This section displays the graphical illustrations for the various parameters of interest of the ow of second grade uid between two in nite coaxial cylinders, when the inner cylinder applies torsional and longitudinal sine oscillating shear stresses to the uid. Importance has been given to the di erence between the components of velocity w(r, t) and v(r, t). A comparison is also made between the second grade and Newtonian uid models. Finally, for comparison, the diagrams of w(r, t) and v(r, t) corresponding to the second grade and Newtonian uids are plotted in Figs. 9 for the same values of material parameters and time t = . s. Form these gures, it is clearly seen that, as expected, the Newtonian uid is the swiftest while the second grade uid is the slowest. 
Concluding remarks
In this paper some exact solutions for the components of the velocity eld w(r, t) and v(r, t) as well as adequate shear stresses τ (r, t) and τ (r, t) corresponding to the unsteady ow of an incompressible second grade uid between two in nite coaxial circular cylinder are established. The ow is produced by the inner cylinder that applies torsional and longitudinal sine or cosine oscillating shear stresses to the uid. The solutions that have been obtained under series form in term of the usual Bessel functions
and Y (•) are presented as a sum of steady-state and transient components.
They describe the motion of the uid some time after its initiation. After that time, where the transients disappear, the starting solutions tend to the steady-state solutions that are periodic in time and independent of the initial condition. However, they satisfy the governing equations and boundary conditions. The similar solutions for Newtonian uids performing the same motion are obtained as limiting cases of general solutions. The following conclusions may be deduced from graphical results.
• The required time to reach the steady-state increases with respect to α and decreases with regard to the kinematic viscosity and the frequencies ω and ω for both types of oscillations.
• The required time to reach the steady-state for the sine oscillations is smaller in comparison with than that for the cosine oscillations of the shear stresses.
• The two component of the velocity, as expected, are increasing functions with respect to t and decreasing ones with regard to r.
• Qualitatively, the e ects of the material parameters α and ν are the same. Both components of the velocity are decreasing functions with respect to α and ν.
• The components of velocity eld are decreasing functions of frequencies of the shear stresses.
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